We discuss the existence of genuine quantum transport in open many-body systems through the violation of Leggett-Garg inequalities. Considering a testbed nonequilibrium configuration, we show that particle interactions control the direction and amplitude of maximal violation, and that in the strongly-interacting and strongly-driven regime bulk dephasing enhances the violation. Through an analytical study of a minimal model we unravel the basic ingredients to explain this decoherenceenhanced quantumness, illustrating that such an effect emerges in a wide variety of systems.
We discuss the existence of genuine quantum transport in open many-body systems through the violation of Leggett-Garg inequalities. Considering a testbed nonequilibrium configuration, we show that particle interactions control the direction and amplitude of maximal violation, and that in the strongly-interacting and strongly-driven regime bulk dephasing enhances the violation. Through an analytical study of a minimal model we unravel the basic ingredients to explain this decoherenceenhanced quantumness, illustrating that such an effect emerges in a wide variety of systems.
Introduction.-For several decades, assessing the existence of genuine quantum behavior [1] and quantifying coherence in quantum systems [2] have remained as fundamental open problems, critical to applications in computation and information processing. A seminal breakthrough in this direction was made by Leggett and Garg [3, 4] , who considered the conditions that a macroscopic system entirely described by classical physics should satisfy. These are macroscopic realism (a system's property is well defined at every time regardless of whether it is observed or not) and noninvasive measurability (the system is unaffected by measurements on it). When these conditions are met, the system satisfies the so-called Leggett-Garg inequalities (LGIs). The experimental observation of their violation, which serves as witness of quantum coherence, has been sought intensively and reported in various platforms [5] [6] [7] [8] [9] .
In order to establish realistic conditions where LGIs are maximally violated, providing optimal settings for quantum protocols performed in a particular system, its unavoidable coupling to the environment has to be considered. Recent theoretical research on few-qubit systems has determined that Markovian noise degrades quantumness [10] [11] [12] [13] [14] , while non-Markovianity helps restore it [15] [16] [17] . However, many-body interacting systems, where spectacular effects resulting from quantum coherence emerge, remain unexplored within this effort. The non-trivial impact of dissipation in multilevel systems is known to induce unexpected beneficial effects, as entanglement generation and quantum state engineering [18] [19] [20] [21] , restoration of hidden quantum phase transitions [22] and environment-assisted transport [23] [24] [25] [26] . Thus such systems constitute attractive candidates for uncovering novel mechanisms of LGI violation enhancement.
In the present work we establish such mechanisms in testbed open many-body systems. We show that not only particle interactions, but also bulk dephasing, can increase the violation of LGIs in Markovian systems. For this we assess the quantumness of the transport supported by interacting spin chains when driven out of equilibrium by unequal boundary reservoirs, a configuration considered so far for LGIs on single-particle systems only [27, 28] . Using a minimal model to illustrate the basic ingredients responsible for this phenomenon, we argue that it can emerge under a wide range of conditions, being a powerful strategy for strengthening the quantumness of a system. Nonequilibrium setup.-We consider a spin-1/2 chain coupled to two reservoirs of unequal magnetization at its boundaries, as depicted in Fig. 1 . These induce a net homogeneous spin current in its nonequilibrium steady state (NESS) [29] [30] [31] [32] [33] . The chain is characterized by the one-dimensional XXZ Hamiltonian
whereσ α n are the Pauli matrices (α = x, y, z), L is the number of sites, τ is the exchange interaction (we set the energy scale by taking τ = 1), and ∆ is the anisotropy along z direction; we take ∆ ≥ 0 without loss of generality. When mapping the model to a spinless-fermion description, τ corresponds to the hopping and τ ∆ to a density-density interaction; thus ∆ > 1 is referred to as the strongly-interacting regime.
The dynamics of the chain under the influence of the environment is modeled by a Lindblad master equation [34] ,
Hereρ is the density matrix of the chain,L is the Lindblad superoperator, {., .} is the anticommutator of two operators, andV k correspond to the jump operators establishing the coupling of the chain to the environment. For the boundary driving we consider operators that annihilate V − and create V + spin excitations at both the left ( ) and right (r) edges of the chain, given bŷ V
Here Γ is the coupling strength (we take Γ = 1) and the driving 0 ≤ f ≤ 1 establishes the magnetization imbalance between the boundaries. If f = 0, spin excitations are created and annihilated at the same rate on both boundaries, so there is no net magnetization imbalance and thus no spin transport. If f > 0, more excitations are FIG. 1 . Scheme of the system under study. An XXZ spin chain is coupled to unequal reservoirs at its boundaries, which drive it to a NESS where a spin current J flows from left to right. The nonequilibrium ∆−f phase diagram is also shown, where characteristic magnetization profiles are depicted for each conduction regime. These correspond to a flat profile for ballistic transport, a ramp with homogeneous slope for diffusion, and ferromagnetic domains for the insulating state.
created (annihilated) on the left-most (right-most) site of the lattice, inducing a net current resulting from a leftto-right flow and its weaker backflow. We also consider bulk dephasing processes, modeled by jump operatorŝ
, where γ is the homogeneous dephasing rate. These operators can be obtained following standard microscopic derivations of Lindblad equations. The driving results after tracing out the degrees of freedom of both reservoirs, and the dephasing from the coupling of the chain to local vibrational degrees of freedom [30, 34] .
When the spin chain evolves in time as dictated by Eq. (2), it eventually reaches its unique NESS, given bŷ ρ ∞ = lim t→∞ρ (t) = lim t→∞ exp L (t) ρ (0), withρ (0) an initial state. Its transport properties are characterized by its magnetization profile σ z n and the homogeneous spin current J = Ĵ n , withĴ n = 2(σ ). The phase diagram of the dephasing-free model, obtained from the behavior of both quantities, is depicted in Fig. 1 . For weak driving f (linear response), ∆ < 1 shows ballistic conduction while for ∆ > 1 the system satisfies a normal diffusion equation [29, 30] . This indicates a nonequilibrium quantum phase transition at the isotropic point ∆ = 1, which is super-diffusive [35] . For large driving f and ∆ > 1, negative differential conductivity (NDC) emerges, leading to an insulting state at maximal driving f = 1 in which opposite-polarized ferromagnetic domains suppress transport [30, 31] . This behavior is absent at ∆ < 1, where transport remains ballistic for any f .
In the presence of dephasing, spin transport is monotonically degraded with γ and becomes diffusive for ∆ < 1 [36] , while it is largely enhanced with γ for ∆ > 1, a manifestation of strong correlations [31] . The enhancement vastly increases with driving, as dephasing washes out the NDC and induces an insulator-conducting transition at f = 1.
LGIs calculation.-As shown by Leggett and Garg [3, 4] , macroscopic classical systems satisfy the inequaity
Here C (t i , t j ) denotes the two-time correlations of a dichotomic operatorQ (with eigenvalues ±1) between times t i and t j , and is given by C (t i , t j ) = 1 2 Q (t i ) ,Q (t j ) . For the NESSρ ∞ , which is unaffected by an evolution underL, this correlation with t i < t j is given by
Thus, C (t i , t j ) = C (0, t j − t i ), and taking time intervals
where we define the Leggett-Garg function K(t), and C(t) ≡ C (0, t). We assess genuine quantum behavior when this inequality is violated. We focus on LGIs when performing measurements of local observablesQ =σ
on the NESSρ ∞ . To evaluate their violation in the boundary-driven setup for large systems, we obtain their NESS applying the time-dependent density matrix renormalization group [37, 38] , describing the state by a matrix product structure [29, 39] . Then we calculate the time evolution of Eq. (3) to obtain the single-site twotime correlations, from which the Leggett-Garg function K(t) follows immediately. Our simulations are based on the open-source Tensor Network Theory (TNT) library [40, 41] . This constitutes a novel and topical application of matrix product states, fueled by the growing interest in evaluating two-time correlations in dissipative many-body systems [42] [43] [44] [45] [46] .
Controling LGI violations with interactions: dephasing free case.-We now show that violations of LGIs can be tuned by interactions, and can indicate nonequilibrium quantum phase transitions. For this we consider the linear-response regime, where the system presents a transition from ballistic (∆ < 1) to diffusive (∆ > 1) spin transport. In the upper panels of Fig. 2 we show C α (t) for α = x, z, which measure the response of the system when adding or removing a spin excitation for α = x, or measuring the local magnetization for α = z. These correlations already show a qualitative difference, most notable for early times, between the two transport regimes. First, since for ∆ = 0 and weak driving the NESS is very close to an identity [47, 48] (with terms of O(f ) accounting for the spin current and magnetization and higher-order corrections for correlations), the results are very well approximated by known analytical results for infinite-temperature state. These correspond to an exponential decay [49] 
2 t 2 , and a squared Bessel function [50] for α = z, C z (t) ≈ J 2 0 (4τ t), thus being independent of the details of the driving. The qualitative behavior continues when increasing ∆ approximately till the isotropic point. For the strongly interacting regime, the correlations C x (t) develop early oscillations of frequency ∼ ∆ −1 , while those of C z (t) are strongly suppressed.
In the lower panels of Fig. 2 we show the corresponding Leggett-Garg functions; these are obtained exactly for ∆ = 0, namely K x (t) = 2e
, which agree with our numerical simulations. For all ∆ and early times the inequalities in both directions are violated, indicating genuine quantum behavior which cannot be reproduced by classical physics 1 . In Fig. 3 we show the maximal violations K α Max as a function of ∆, and observe that while the function of α = z monotonically decreases with interactions, that of α = x has a non-monotonic behavior, but increases for ∆ > 1. Moreover, at the isotropic point the direction along which the LGI violation becomes maximal changes, from α = z for ∆ < 1 to α = x for ∆ > 1. As a result, the direction and magnitude of the overall maximal violation can be controlled by ∆, so that in the strongly-interacting regime the quantum behavior is enhanced by interactions. This also shows that the LGI violation indicates the nonequilibrium critical point, a property that it also features in equilibrium [51, 52] .
Dephasing-enhanced LGI violations.-Now we discuss LGIs of the driven system in the presence of bulk dephasing. As previously mentioned, for strong interactions ∆ > 1 and large driving f = 1 dephasing melts the ferromagnetic domains that suppress transport, inducing a transition to a conducting state. Thus the spin current is enhanced with γ by several orders of magnitude, as shown in the main panel of Fig. 4 . This constitutes a many-body scheme of environment-assisted transport [31] . Here we calculate the maximum violation of the LGI for α = z as a function of γ, also shown in the main panel of Fig. 4 . Small systems are considered to be able to calculate the NESS in the absence of (or for very weak) dephasing, which takes an exponentially-long time due to the presence of the ferromagnetic domains [30, 31] .
For γ = 0 LGIs are violated, since operatorQ is applied between the ferromagnetic domains and induces appreciable dynamics. But remarkably, as the system becomes conducting due to weak dephasing, it also presents enhanced quantumness manifested in the increase of the violations. Even for stronger dephasing γ ≈ 1, where K z Max decreases with γ, the violation is still larger than that of γ = 0. Thus there is a wide range of environmental couplings where in addition to a large transport enhancement, quantum features are strengthened. This is in stark contrast to the weakly-interacting case, depicted in Fig. 1 of the Supplemental Material (SM) [53] , where not only the spin transport is monotonically degraded with dephasing, but also the violation of LGIs and thus the quantumness of the NESS. This indicates that the origin of the observed effect is truly a consequence of strong interactions between particles, a situation where the behavior of LGIs is still largely unexplored.
We also observe enhanced violation of LGIs with de- phasing even for much weaker driving f , where for γ = 0 the system is conducting and the differential conductivity is positive [30, 31] (see SM). These results show that not only inducing a backflow in the lattice, but also (and more surprisingly) dephasing can enhance quantumness even when the system is not initially insulating. Furthermore, we also find an increase of violations with system size, which indicates that this is not a small-lattice effect. The latter strongly contrasts with the natural expectation that in conducting regimes, environmental coupling degrades LGI violations [27, 54] . Minimal model.-To obtain more insight into the incoherent enhancement of LGI violations, we analyze a simple model which incorporates the essential ingredients of the strongly-interacting lattice [31] . This model mimics its gapped eigenstructure, consisting of flat (insulating) and wide (conducting) bands, and the population transfer between them due to coherent processes, incoherent driving and dephasing. It consists of K levels |1 , . . . , |K , with Hamiltonian
where state |K is elevated in energy with respect to the others by an amount δ > 0; thus the bands are separated by a gap of O(δ), similarly to the strongly-interacting XXZ model (gaps of O(∆)). The driving is modeled by the incoherent coupling of states |1 and |K to an auxiliary site. This leads to the emergence of NCD, an insulating state at f = 1 and dephasing-enhanced transport, as described in the SM [53] . To study LGIs, we calculate the time correlations for the operatorQ =Î − 2|P P |, where site P is taken away from the boundaries. Exact numerical results of the Leggett-Garg function K(t) are depicted in the SM, showing that, similarly to the original model, two mechanisms enhance the violations of LGIs with respect to the dephasing-free f = 1 limit, namely introducing a backflow (f < 1) or dephasing (γ > 0). Thus in spite of its simplicity, the model features the essential ingredients underlying such phenomena. Analytical results up to O((δ) −2 ) for the stronglydriven limit, where the effects of decoherence are the largest, help determine how LGI violations are increased; see details in the SM [53] . For the dephasing-free system with f = 1, C (0) (t) ≈ K (0) (t) ≈ 1, so the LGI is not significantly violated, as expected. Defining β = 2(1−f )(1+Γ 2 ) when slightly moving from maximal driving with γ = 0, or β = 16γ(1 + Γ 2 )/Γ when introducing weak dephasing at f = 1, or their sum if both are present, we get the general behavior
This shows that both mechanisms induce a violation of the LGI which grows quadratically at early times, and which increases linearly as (1 − f ) and/or γ. It also manifests that the source of these results, also present in the strongly-interacting XXZ model, is the gapped eigenstructure of the model. Conclusions.-We have assessed the quantumness of spin transport in a nonequilibrium many-body system coupled to different environments, analyzing Leggett-Garg inequalities. Using matrix product state simulations, we have determined that in the stronglyinteracting regime, interactions and (unexpectedly) bulk dephasing can enhance their violation. The main mechanism behind the latter effect is illustrated by the same observation in a minimal model, which mimics the gapped eigenstructure of the original spin system. Given the simplicity of the studied models, our results pave the way for novel experimental protocols of detecting macroscopic quantum coherence in a large variety of scenarios, including single-particle and many-body inhomogeneous (e.g. disordered [32, 33] The lattice is incoherently coupled to an auxiliary state |s through its first (|1 ) and last (|K ) states, with jump operatorsV
whereΛ
In addition, the dephasing at rate γ corresponds to the jump operator (with identityÎ)Λ
which is equivalent toσ z in the XXZ model and acts only on the state of highest energy. This is similar to the effect of dephasing on the original many-body system, which induces transitions from high-energy flat bands of the eigenstructure to low-energy wide bands of higher conduction [S2].
The NDC and the dephasing-assisted transport featured by this model are shown in Fig. S3(a) for K = 10, Γ = 1 and δ = 1. Note that δ = 1 does not correspond to the isotropic point of the XXZ model. The model does not capture the transport phase transition, as it is defined to mimic the strongly-interacting regime of the spin chain. Here δ sets the size of the gap between bands [S2]. We clearly see that when γ = 0 the system is insulating at maximal driving f = 1, where the equivalent of the ferromagnetic domains is a preferred population of state |K (see Eq. (S4)). The NDC is washed out by dephasing, which results in a large transport enhancement with γ. For large dephasing the transport is degraded, as a result of the Zeno effect which tends to freeze the dynamics. Thus the main transport properties of the strongly-interacting XXZ system are captured by the minimal model.
The corresponding maximal values of the Leggett-Garg functions for operatorQ acting on the central site of the system are depicted in Fig. S3(b) . At the insulating limit there is no LGI violation, but as the driving is diminished and/or dephasing increases, the violation emerges. Very large dephasing starts degrading this quantum behavior, as expected. The minimal model thus also captures the behavior of the quantumness measure.
S3. ANALYTIC RESULTS ON THE MINIMAL MODEL
In the following we describe an analytic approach to obtain the LGIs of the simple minimal model, focused on large driving and weak dephasing. We first note that in the maximally-driven limit f = 1 and in the absence of dephasing, this model features an insulating NESS akin to that of the original model of the main text, of the form [S2] with normalization constant
This result shows that the population of a site exponentially decreases as it gets far from the rightmost site |K .
A. Perturbative 1 − f solution to the minimal model Now we move from the maximally-driven case, and consider the situation where a weak back-flow is introduced, while keeping γ = 0. So we obtain the correction to the NESS to first order in µ = 1 − f 1, given bŷ
For this we rewrite the Lindblad superoperator of Eq. (2) of the main text in the form
whereL (0) (ρ) corresponds to the µ = 0 Lindblad superoperator, namelŷ
andL (1) (ρ) to the remaining terms,L
where each dissipator D is given by
To solve Eq. (S7) for the NESSρ ∞ , we use the anstaẑ
Gathering terms of equal powers of µ, we obtain the equations that determine the different order corrections. For p = 0, this corresponds toL (0) ρ (0) = 0, which is the µ = 0 equation with the solution of Eq. (S4). For p > 0 we haveL
which indicates that to obtain the correction of O(p), that of O(p − 1) is required. Importantly, sinceρ (0) is a valid density matrix, its trace is one, so the p > 0 corrections are traceless. In the following calculation we restrict to p = 1, valid for a weak deviation from the maximally-driven system. Equation (S12) becomeŝ
from which we can obtainρ (1) 
(S14) To calculateL (0) (ρ (1) ) we consider the following general form forρ (1) ,
Note that site |s has no coherences with other sites, as it is only incoherently coupled to other sites (|1 and |K ). We obtain
(ia n,0 |K − n K| + H.c.).
(S16)
After gathering the coefficients a m,n of all the different basis elements |K − m K − n| in Eqs. (S14) and (S16), and considering that a which, using Eq. (S19), gives that the correction of the LGI function is
Since this is a positive quantity and K (0) (t) ≈ 1, we indeed observe that LGIs are violated when moving slightly away from the f = 1 scenario, and that such violation increases with time and as f decreases. In Fig. S4(a) we show that this prediction agrees well with exact numerical results for early times.
C. LGIs violation enhancement by dephasing
An identical calculation can be performed for the maximally-driven f = 1 limit, but with a weak dephasing rate γ 1. However this can also be obtained considering the driving-dephasing equivalence in the minimal model described in Ref.
[S2], both were seen to induce the same effect on the NESS when replacing
The correction to the Leggett-Garg function is then
which is also positive and thus indicates that dephasing induces a violation of the LGIs, which increases with γ. This result is also in agreement with exact numerical calculations, as depicted in In Fig. S4(b) . If both a weak backflow and dephasing are present, where both mechanisms enhance the LGI violations, the result is simply the sum of the independent contributions of Eqs. (S30) and (S32), namely
This additive enhancement of the two mechanisms is verified by exact numerical simulations, which as shown in Fig. S4(c) , present a very good agreement. 
